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EBHER—ERBMAHFENAE MNEREZRIEMS AEMNEFRBREMKRBEREM, RE
HNRHERXERARNRE, EFXMEUNRHMEEME X T RETEEHEMN AR REM. g HENIER
[RETF Fourier T 75i%, BREAMNERFHEEY BZEIT Chebyshev IERRZIN I, Lengendre IER BN E,

EHEEBLLBRENTNBRITAEZESHEEHEGELIENRERMY, HIFICEE 1944 £ E
Wi, BREABMET, h T AEEFEMEE, FAMRAZTSERANITEE AT ENEENEERSZ
A, &5 AL FBRESEMBRITAEHSERIEMNA, BRZ,21T 1970 F£/5, EE T EHKERIRE
SRR IE AR BEN S EZ—RIE Fourier TR ( FFT )—IHIM, & HZHWXEHRESETEM,H
M 90 ERFAER A ERFIE,

IEYNFIE AR5, 17575 o] AR HE 0] @AY 14 FUZ BN B Y B R 48, B M & BRX MR, BT LA %3 J9 Fourier 75
i%, Chebyshev F5i£ 55, Fourier 737%1&E AT B HA 4D (0] 3 ; M Xt FIE A HA B &, M R FZE A Chebyshev 737%,
B LA 52 & Fourier 75 A FBHFE AR LI Gibbs MR, M B, LR EX WM A EEARR L2 —BkEEMN, B
Llt Chebyshev 754 BB th Z B & Fourier 750 R, BIEIE US4 A& BT FFT &8, &G,
Lengendre 73,5 th @ F[IERN —F#, LLZEEFERMBER S LB —LEAREIMR, AMBFEEHE — MR
ENT AR, BN AT R IE,

ZBMIE B =R A B Galerkin B "RIR AN 757 ( 288 Galerkin j%, 1 tau j% )FECE A ( collocation ),
E=MRAMX BT ENIE T IE KBNS HERTIE, K (el B A A R 75 7% (Finlayson and Scriven
(1966) ) iti2, WP FHIE Lu — [ = 0 BIFEKER u(z) M— DB R IR FRIEL,

N
un(z) = drpr(x), a<z<B,
k=0

HAfERB(IER o ) TR =FAER L e** Chebyshev BINT T} (z) T Lengendre B Ly (z) ( HES
BX MR w FEREAIER ), HINFERIN

RN(I):LUN_fa

BEREEHRIFIA R 0 BRFIEUIM R AR T ) EELETER"SF"HNEX TR 0, BEE —MRRN"1&
BRANREL " w. A IR ERIL” (ALK ¢ ), 3 Vi BRAL

B
(RN7wi)UJ* = / RNw,-w*dx = O7 1€ IN, (11)
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SEX

X EERRBAER o, ARBEER o, WEEL FURE T I EN B — M %:
1. “Galerkin” B 753% , ELHEL2 8L Galerkin FAFIH tau 5%, EISIEENEEH o, FIETE X A AR RIAN B2
w, AR REE o FIRRIES v, KBET, 28 Galerkin T, BREZNAS AR BHRE
LEAN RS TE tu HEREERNARNERELREN, ELBTRN— B D R RN
FERIINBRIEE,

2. EEEAMCIENRREFNIEIEE R U0 T &
v =0(x —x;), we=1, (1.2)

H1 § 79 Dirac delta BRI3, = x; 7 [o, 0] PAFEIREL R (1.2) KA (1.]) 2REEEEZHRE —IMFNH
EERY
RN(IZ) = 07

INGE—F, BIBATR " Galerkin B4 F77ARIERBIESS FIINEX TR 0, MEEZRILRDIERERE LR 0,
FULE A B, ERLHEB AR RE,

2 WRHEMIR

Bio & % 4ERZ AU BT BE 2 Slater (1934) FIL.V. Kantorovic (1934) 289, HR.A. Frazer (1937) KB T KEE
MR T IEM—RR 5%, Lanczos B 618 L BERVE B EUR F UM R ER MU L NFIEREE R, B3 7 1IEREE
BHERER, 20 ££/5, Clenshaw and Society (1957),Clenshaw and Norton (1963) FIWright (1964) EFFG TH
BiE, FFFAIAER Chebyshev BTNIUAE R E R £, N A2 ¥)E[0)# L ; Villadsen and Stewart (1967) R 2418
B8R k., 48z % R 3K B HAE A IR 18 5 75 F2 A9 2Kreiss and Oliger (1972) FOrszag (1972), BB AR BT
F, ERLAMEB S IB L R MRI& NS H iz, EERIELHRL,

Galerkin BUf9757£ 8 FSilberman (1954) IR H KRB R RN FH 12, XU R RN ARRM S HENIEHE.
JA, B2 Orszag (1969, 1970) FEliasen et al. (1970) & HITE IRIEL MM ER TR AR ZE, “ Galerkin
A" HEAEA—ANFIUSHEETENR L LAFEHES BR, IR T REE ZMIEL MM, “ Galerkin BL”
FIEMARNMZEIE NNIBIRIT %, W FREEB RS, 7T A Fourier = MR ENE, R AL H Galerkin 75
&yt FIEEHAME @A, M BT AEF Chebyshev ZINTE, ML tau 757%, Lanczos (1938) % it T i tau 75
%0 PRfG , Orszag (1971) RZF3 Chebyshev-tau 73/ S48 E MK EE T —NARA N ZR 0, 1X — R INEFIE tau 75
BEARERETEMNES AEEATZRA, bl E451HE, KBERBMH HEE 2T 80 FHH, &
FiEFAFN Gauss RO RNREE R, FHEA Gauss RAE A EERVGE{E =R ( Gottlieb and Orszag (1993), Mercier
(1989) ), 7EE — BT HA, X E M AR E AW SR IS ERFLAL H, Bl 80 FRRK, BHEHEEEM
AR AREIEERRRANERAET,

90 £ g, BHENMFRIEE T 8 2L E 33 /YO, Karniadakis and Sherwin (1999) 45 T — N2
iR BEMIRFI T EMIHRT — N —HESE, Canuto et al. (2007) MLAH T E S X F 8 2415 L pI AR
RiHERE, &5, Canuto et al. (2006); Peyret (2002) B LAYE B S ZH—MNEELENSE,
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1 ERMzLHKZD

ARREEN G B FHES FTIUIHRL 55X —IRAR, B ENIRER A Fourier BB 75 KEERM
NEE. EEBLEERESMNERITAHEIESHIIEE, FEEEHEMNWEKS YT, HIBRRE 194 FHER
R, BREEET, A TAEFEEMEE, FAARAZSERANITEE  BLETENRBENEERSZ
g, 1B EELE T ERENZNBRTAEZNATEL BR, 27T 1970 F£/5, BEITENKFENRS U REX
Rl R EFNRBEN SN E Z—MRIE Fourier T ( FFT )—HHI, &AM N EFHBEI TEM, HM 90 &F
KRAWRAERFE E AXERTRERERKEEMS HIERLENDR, ERHES NA S PR —#,

75 ERAEEIRBEARMELL, RRTE R B FUEENR BRI E R 8, AmREBIX MR, sT S
Rk = AR EER Fourier 737%, 3% Chebyshev IERR BINTLHY Chebyshev 73455, Fourier J7i&1&F T B HA
YB3 ; XY FIEE BB (o) /%, M R FEZE R Chebyshev 757%, BT LA & Fourier 75,4 BBHE1E L R H I Gibbs I
K, MB, XPR L XM EERR LR — B8R, BLt Chebyshev 754 thEHE Fourier 5589,
BIERIIEEUR S AR FT F FFT &iARDEE,

ERERERBHYAREN, D AFERE—ENEX THAEAMEXMHRE BRIEXNEXHAREE
%, A BRI AN =F EERRA, B]“Galerkin B 9N 75 7% (L2 B Galerkin j%&, 1% tau i% ) MEE &%
( collocation ), A ;R EEMV % iTFA 2 7E Chebyshev-i tau J5/E09MEZR R i#1THY, BEIK Chebyshev-ilf tau 55
EES2ITNAB B2 XTIEAELENNGE, BESEXBESIRES.

Canuto F AR [1] W ERIBRFMMNAM TIEFIFRTIL, EXA B, H—EXTF Chebyshev-tau
FIiEEKREERMSD Helmholtz FFF2H0A{E o)AV A FEIR 5 ARVICH, BRI, R KBARIE L, AFiE
HUEMS " EEEAT 1.2 MERIGEREREZMERL, BBT"ERS"EELEH | SRBFNREE
B W XEMHEE, BHIES| T Greengard[2] FI— LM R EL, B iEM D " BEIESMAYRIRE O(N?)
Z,m" RS " ZERSMK 2.4 &, ATEN, 7 1.2 MESRHITE L, ER"EMD " NEESEXMRITE
AR ER D" EE X—BNEEEFEELSH —NRIE, AR EIZH BB BESLIR M A E
ERLS,

2 [EEiFR
2.1 Chebyshev-tau 5%

2.1.1 Chebyshev BT

1B k JREYEE —ZE Chebyshev BN A Ty (2), ENEXTE z € [-1,1],#E
Ty (x) = cos(kcos 'z),k =0,1,2, ... (2.1.1)
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2 [elEEAR 2.1 Chebyshev-tau 75i%

REAE, HEH )9 |T)(2)| < 1, ¥ Chebyshev ZIMT KR, EIREMIUT ERE S BE TEMFNA N, BNR
xr=cosz, B
Tk(2) = coskz (2.1.2)

AHiZN IS H Chebyshev SINT VRIS LIRA

To=1, T1 =cosz=x, Th =cos2z = 2c0s’°z — 1 =222 —1,....

2.1.2 FIA{ER

HATMERIA Chebyshev-tau 75753 B4 T Y Helmholtz 75¥2HY Dirichlet (0],

d?u
—S =, z € (-1,1) (2.1.3)
u(=1)=a, u(l)=>0

Chebyshev-tau 75 ;&R IX TR, BIE XN M2 HEAIRINE L u(z) MBIEHIETTRIN f(2),1F N BHE;
¥frf Chebyshev RFF %, Bl

N N
un(z) =Y wTi(z), fy(@) =Y filk(@),
k=0 k=0

B, RANBIZREIAIM I (0 B ) IER L,

9RJ5,Chebyshev BTNV T —HBAIIERE, FA 1L u(z) BEIR uy (z) EBENEX THERMA HIE,
BETEAREBIT N — 2" )RHY Chebyshev ZINT M RL I F = (8] H AL ST, B
 da?

1 2
/ [ TUN | Nun — f| - Te@)w(@)de =0, k=01, N—2, (2.1.4)
—1

B ) = (L-a?) 12 HARIRER. B2 07 BR (o) WERS D2 PHERE W LR
{Ti}ieo.. n MBAERMETUSH

— o + g = fr, k=0,1,...,N -2, 2.1.5)
BJa,H Chebyshev SINIUMER T (1) = 1,Ti(—1) = (—1)*, BEHREHERERD

Y ik =a, Y (D =b. (2.1.6)

BT (2.1.5) #0 (2.1.6) FANKAESSRE uy (v) B Chebyshev-tau 75i% F H T 2 KRR @) 1,

'EEBBIMNEE N+ 1 DNHERAE N+ 1 MFTEMERE {an}—o
3, BNIRE — MR IFE E R /5 T24E,

N B, 2.14),2.1.5 Fi k REEO,.. ., N — 255

,,,,,



22 BRBENEBHEXR 2 [ElRFAR

22 WREEEHEXR
BANBEHE uy (v) WSEHMIE Chebyshey ETRANERR(BMIBRED) , FHEER, BMERKT
S R R R0 R A A B 0 A A . X R BRI EL AR R, 1%

N

N
uy(@) =Y aTi(e) = a) Tu(z) 2.2.1)
k=0

k=0

FASAERBAREEMNBEEZR 2o — T oy AT 8E)

[(k—1)/2]

1
Ti(x)=2k > Tho_1—2n 222
() T k—1-2n(2) ( )
B (2.22) KA 2.1) ATASH—A 1| iZRK ol WRAR:
9 N
i) == 3" piy,k=0,...,N-1,BBU =0. (2.2.3)
Ck
p=k+1
p:=p+2

—RREY p B 5 p — 1 BHERBFERHSMGEEX R, ERHABMIERBERSSMIERKE EMDIZE",
ZXR BT USRATBMAERNFER UV = DU, BEAMR, B 52 2 MiERBITENT

N
1
il = - ST p? - k)i, k=0,...,N -2, BEY =, =0. (2.2.4)
K op=k+2
p:=p+2

EHEAT (2.2.3),BIUHFE, XA]ASEIBSHMERBERSRMER AN ERDEE",

1
alr b _ o (Ck,la;@l - a}jjgl) CE>1 2.2.5)
BEXRIRD I, 1 i &R e,
V=0, aly) | =2Nay. (2.2.6)
2 i R E0AT,
P =ald =0, a4, =2V —1)aly) | = AN(N — 1)iy. (2.2.7)

2.3 FMREBILERR
231 FHiELMERAER 0 FHERE

F|AFATFTLARIA 2.2.4) REEEE 2.1.5) FR 2 MHER K, ERXIMARNMMHNLEHR A —FHES
O(N?) MRS izE 8, —AE R eTAER LT R0 ( Greengard[2] ), BIHZIREE 0 i, —MEERERN
7 I Canuto A [1] FTiR, FIA ¢ = 2 RIRI=TUEHEX R (2.2.5)

2kl = ), — ), k=1,...,N—1
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2 [E)RRiER 2.3 FMKETEELR

Q15T E=0,...,N - 23 )KABE
2k = e1 (—foor + Minor) = (< for + Xk ), k=1, N -3,

BRA ¢ =1 REEHE 2.2.5), /5K | MHERHER

oty = 2(?:7:11) [Ck72(_fk72 + At _2) — (—fr + )\ﬂk)}
_ﬁ {(_fk+)\ﬁk)_(_fk+2+)\'&k+2)i|, k=2,...,N —4.

BEE—LEATHHNTE(BIEL=N-3,..., N P& ), RELEE

Ch—2X . ABk . ABrt2 .
— U _ -1 — . 2.3.1
e —1 2T ( (k2 — 1)> U oy 1) 2 @3.1)
Ck—2 Br 2 Brr2  »
f— . — k = 2 PR N

4k(k_1)fk 2+( 2(k2_1)>fk+4k(k+l)fk+27 bees

Heh
1, 0<k<N-2
Br =
0, k>N —-2.
REM LS. BIHBLREG
N N
N b+a R b—a
k=0 k=0
kBB kRhFH
BOB3, A5 1 EERBUNTHEERS:
L1 1\ [ o 5 11 i 5
x % g 92 * % 3 J3
x x % Uy 94 * Us Js
oox o UNg—a IN@—4 UNz_a INZ—4
o Ung—2 IN@—2 (N INB—2
*ox Ung N Uz Inz
(2.3.3)

HM, Ng( Ng YRRERKB(F BN, « RRAZHIEFFHIEFTI, g, 2 (2.3.1) B9MEMN £k BSRIBRIRDL, FHAE
X ARG N=SAR%E", YREEE, #HITRR LMD" BE, EoTUEFE 1.2 iR, AMmEE
1.2 Y SR BB MR R EGE L,
232 BB KRR R 2 iR

HITETE R ERERE (2.1.5 NS —fMEEA R (W Canuto F [1]), R AMMIERHSSMIER
ABHEXRTE (2.1.5) FEZE 0 MZ R, TR 2 MHE R L

7



3 HRBERMEITH

RARRIEIRSIZHE (2.2.5), FTUFEIXMEHX R

iy = Py + Qral) + Ryal),, 2<k <N, (2.3.4)
o —ep ) 1, j<N
E P = Ck—2 = 6k+2 R = ek+4 5= ’ - ’
iR Ak(k — 1) @ 2121 T wmk+ 1) YT o, i N

1% (2.3.4) RAFIE (2.1.5), 8 E—L T, L5

(2)

/\'&0_'&0 = fo,
X AN A .
(- 2) e
A @ A (2, M2 (2 ;
Y [ AN — k=2....N—2 (235
(k-1 2T 202-1) % T mE e = e e (2:32)
REBHREHER
N—-2
ol T 3 22 _ bta
tot gt TRt T }; R-Dk2-—4" — T2
kR{B
N-—-2
NCORENE PN ) 3 s _ b-a )
iy — 5y + k; EohE—on T 1 (2.3.6)
A3, AF N FEKBUNTHEERS:
7 a A(l) —a
1%2—87...*** u(g) % 1;—21* * % % U?Q) bj
* % 7:‘?2) JiO * * * 7:1(12) Jil
* % * Ug f2 * ok % Ug f3
(2 2 (2 A
o v fn—e o Wk Ing-e
S B KA - R I KA Inga
ook 115\2]2%_2 In@g—2 *oox ﬁﬁ) f(]\;ég;)

Ho, N ( Ney ) RRBAIB(F ) MIN, « RRFBREREHETIR, BB, KR —AEWARS, HR
AR, BTAR RS B, FTAGE) 0, | MERE, MTISEIRAERR 2 S BB OB RIGERL,
3 WIRBRMTITHE

3.0 WARABR
AN RIERAR D R T ILAER
1 RE\F2HHNA, BAIERE AL REEEHREN —MIZWARE, B0 3.1.1), HNFERBE
HLEY Gauss JBIT/ARNZEER O(N?), BT HAMCEA N AJRERIERAN, MABELFERIT—H4L

8




SEX 32 YRS

B =NARANEN. RENEE.

* ok ok ..k ok Ty by
* k% T2 b2
* % %
=1  |. (3.1.1)
* % %
* % T, by,

MEE BB T, HNEIAR LIARIZIE Gauss HTENT BT, ARFREEZ —LRHEE"T
S F“F " FNRERENET, KL FIBHEE " — AR (GBHESE [4]), FTUANEEREME LU D%, AF&E
WFERBIRE, BB ERIRF, sTROR1SEI L 70 U %6, &/5, K& Ly = b 1 Uz = y BDEL,

2. FA MATLAB %g#g, 5B SR BARI A MEE, FRAESLFREVE]F

3. BE SN ERISEA, FF— LR,
MF7E T EREKEE 0 Mg, B RERK, EMLESIEHZE I AR GHEREW;BEE, i1 &
2 i E X5, B, FATHER R OE 1 MERHH & L, WM ARMELT, JIE Greengard B)IEMZES
EE%O

3.2 MERSH

1. TEFDIESCHR Canuto B [1] F0 Peyret B9 [3] Y, KM ARFAEE —LHIR, AL AT EEERRE CE
URRNFRIE BANFEEMRERE, HSE —MNERNEL, BRIE. X—IIEr A ERE, B
HATFETENRS, FE—EM D,

2. wIETIERE,

(a) B, EFESLRA, LA SIEARNE, AHREEK MATLAB RIZRITHIERS.

(b) HR, B REIRMBWBIREE, BF TN E R EMEK, IR FRBHIRERE—EEX:F
ERERLVTUR, 75 FA BLAS KBR LA,

(o) &g, BMNBZBHITREBENLLE, BLLEF PRI EMER, GRT BRI ETREFINE
ATH, AR AR XG5 _E YRR S B PR ERY,

S5

[1] C. Canuto, MY Hussaini, A. Quarteroni, and TA Zang. Spectral methods: fundamentals in single domain, chap-
ter 4, pages 173--177. Springer, 2006. 4, 6,7, 9

[2] L. Greengard. Spectral integration and two-point boundary value problems. SIAM Journal on Numerical Analysis,
pages 1071--1080, 1991. 4, 6

[3] R. Peyret. Spectral methods for incompressible viscous flow, volume 148, chapter 3, pages 39--53. Springer
Verlag, 2002. 9

[4] FH%{E,F2BE R, PRER Y, BRiE. KESEM. I KFHAR*L, 2008. 9
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Chebyshev 735



=3
Chebyshev J3i%

BT R £ Gibbs MMRAVTFAE, Fourier 73i%5— AR RiE A T EHAMA )2, A BB BR[O L, 3]
RIFIAFE—EEINESERER L, 5 Chebyshev IER ZINTN, BILAEAXMIF LT Fourier 5iEM—MEER
1K F%, Chebyshev HEFIR FFESLR] BAE{F Fourier R PRIRLIN, ALt EREE T Fourier 75,50 — L&
ZRVIFRIMERT, LEANUR SR RN FFT IR A, FFTERIRT, E 0] AR {3tk 5230 57 E IR Gibbs HLER,

HIMIETLAIERE Legendre BIMINIE HIERE, ES Chebyshev ZMA —H#HE—LHENFHR, HE
EEMEFNBRERSEXNOB LEBMRE.ER, B e BB REREERSLI Legendre BT
TR, KRB P FHA TR TiE Chebyshev ST, (BELKE R EEZFMGEHERT Legendre B, R E—
SN AREA T AE, BB XTF Legendre BTN AR ARYITIE, F 1] ASE T HEHHEYH : Gottlieb F
Orszag (1977), Canuto et al.(1988), Bernardi 1 Maday(1992), 8% Funaro(1992),

X—EHT#HA Chebyshev ZIMAMEEAECIERE LRI, FHiHE ML TE, B Galerkin-type
(tau 733%  FUEEE R —MHEEPRNSEL, KR ANER 2 A o] LB EREG{E S LY Lagrange
BRESIR, FITEFLE EH KEE Chebyshev BIEFTES HINEATE, MRKBBEMNEZEMRIENE,

3.1 Chebyshev Z2TRTVH)—AGER
55— 2K Chebyshev 1Y k RBINIEE T (z), EXFE z € [-1,1],
Ty (z) = cos(kcos '),k =0,1,2, ... (3.1.1)

BR,-1<T, <1, &H&r=cosz B
Ty = coskz (3.1.2)

HIZXA RS SR Chebyshev SR AIFI LA
To=1, T =cosz=x, Th =cos2z = 2co0s’°z — 1 =222 — 1,....

10



Z= 3. CHEBYSHEV Aj% 3.1. CHEBYSHEV Z Iz —ARHE R

BE—MRAYETLARIA Moivre AT, FEITESER
coskz = Re{(cos z + isinz)"}

RENAZDIRAERE, HARIBAIRTF 7). () BWRAWMT

[k/2]

T g > ()" ) (3.13)

m=0

HA [¢] "R ¢ BWTFEE&RL.
NA=ZARRPYESFH
cos(k+ 1)z 4 cos(k — 1)z = 2coszcoskz

AT AR U T AR IEXR Z
Thi1 — 20T + Toy = 0,k > 1, (3.1.4)

R X MEHET, FATCTAMRYE 7o 81 T EHZ IR Ty, k > 1 F—MRFRIA, RYIBILA S IR E R NE
3.1,

(3.1.3) WNE—EAFHFBIAE AEI, Mt (3.1.2) Mz A TRt ER,

T8 H — L Chebyshev SINIUAIM R, NME 2 E B 1T IR AE Chebyshev 2 INT 2 W11 Nz B 7E K g
B AENRMS AR ERNERSEZEEENMEBRRI. E2M 2, 2B EM R A FiK
F,

ZMR T, MREN—MSERE T, E 2 = +1 LHEED BRI LAEH
Te(£1) = (£D)F, Tp(£1) = (=152 (3.1.5)
EAMEEBARE L R R REMER, BN ZEEE
Ti(—2) = (=1)"T)(2), (3.1.6)

B2 1RSI parity S ERRE k 2 — /Y,
Chebyshev BINT 1), T = 2, (BHFFA Gauss 52 ) , IENIREEN T =

N
xi:cos(z—i—g)g, i=0,.,k—1 (3.1.7)
T, BRBIERME £1 B9 2; ( ¥ )9 Gauss-Lobatto 52 ) , BIENTREUEWN THI =

xi:cos%, 1=0,..k (3.1.8)

BERFIENRILERFAUEERBZSIR (1 - 2T/ (¢) WEEBFRLEM,

11



3.1. CHEBYSHEV ZIN #Y—RE 4R # 3. CHEBYSHEV Ai%

BB N T REESHSAXRTFERHNSMAMN—MEERR, &%, N T, XESE
, d dz  sinkz
I = dz 2z (eos kz)dx K sinz

HAPAET (3.1.2) K Ty, BRMEL, 125, T UNA=ARB AN B TEXR

WTF k1 AR EEARE (3.1.9) RNETHMS, FIUREIRIERNXT 7, WERE p S
ito
Chebyshev 2T [-1,1] X8 EFIIER BTN, LEASAX R EER A

w=(1- xz)_1/2.

FERITE X HIRFR .
(uw,v), = / wowdz,
-1

WEERER 1
(1T, = [ TiTwds = Jeidi,
—1

HrA, 6, & Kronecker delta TS ¢, EXWMTF

2 Lk = OB,
1 Lk > 16

Chebyshev @18 75545 FH 2R 2 Gauss #2993 2=, R A Gauss-Lobatto 52 x; = cos7i/N,i = 0, ..
(3.1.8) YHEEIE , MEERL p(v) WEERHTTRE R

T

Y1<k<N— 18

2 Lk = OBy
2 Yk = N Bt

(3.1.9)

SR B3 HE

(3.1.10)

(3.1.11)

(3.1.12)

(3.1.13)

NCRAR

(3.1.14)

(3.1.15)

3 p(r) BUREABE 2N — 1 B, I0F (3.1.14) B8RRI, W FE R EE R TR 57 A NFIUERRR]

23 Mercier(1989)]

M (3.1.14) FAFA 1] LA S H Gauss-Lobatto i&ES z;,i = 0,..., N THEBNERXEZNRTR. EE

12



E 3. CHEBYSHEV A% 3.2. CHEBYSHEV & H0E;BrFN

k # N2kl # N B, BEERS 2 3.1.14) BRIERX R (3.1.12) £, BF T, 7) BREBAEBE 2N — 1,87]
MASEI R — N EREER:

1
™
§Ck5k,l = _/_1 T Tiwdx = ; ZTk ;)T (2;)

MFE=1=NMER REBEFHDNSE o, A ¢, (=2) FLNIARIL, B, BRMNERXARFAIAE
B, WNFERBEO<kI<NBUNTHXER:

—_

N _
> —Tula)Tiw:) = 5 No. (3.1.16)

C;
i=0 "

3.2 Chebyshev F¥HIEMTFI

3.2.1 i# Chebyshev RE
BANBEN—NENXTE v € [-1,1] LRIEREL u(x) fE Chebyshev BIT uy (), EX:
N
- Zaka(x) (3.2.1)
k=0

RARXNRE dr, k= 0,..., N FIRIE 1.2.1 THHEIRAY Galerkin-type FARIMUME, R Ry = u — uy 55
FHNEXTEE, B

(Rn,T1), =0,0=0,...,N (3.2.2)
then,
1 N
/ (uTiw =Y T Tiw)dr =0,1=0,...,N,
-1 k=0

REEERDEEIRIERFZMG (3.1.12), HANFFIBAFE] Chebyshev RANRBAIRIEAR T

2 1
Up = — uTpwdz. (3.2.3)
1

TCE J_

B BWEAR 3.1.2) WRIMEL, BN T, = coskz,x = cos 2, REEN (3.2.1) B

uy = Z Uy coskz, (3.2.4)
k=0

13



3.2. CHEBYSHEV J#qr&E Tl # 3. CHEBYSHEV Ai%

fEeILABH , X FEE z B Chebyshev BAEFENTF X TFLE » IR X Fourier R, SLPR L, BRI
v(z) = u(cos z) = u(x)

RENXEO< z <2r LRBRBHBEEFERME v(z+27) =v(2).MBATEOI<: <7 EMv(zx)tE-1<z <1
B u(z) BEEEZHNERNES R, ANTMRZ Fourier BABIURELERTAH 2.1.2 DL RFRIE, 4, BF
v(z) REEN, ERNRIAN 3.2.4) BERES 2 = 0] 2 = 7 RBELEN, MEX LS H ARSI Gibbs I
KHE)B, BB X TF Chebyshev BIT ARSI TIIEE 3.6 A H.

322 My

SR ETE Chebyshev B FTHIRIANELL Fourier E R REEE S, B L T (2) NERBRAXNS T RE
FIEER parity SR, M1 ' WERBSEEHRN ke M, XESXAMESEETESE~E TR
AAR[E:Chebyshev B 53 E F 1B IE S BIFIPIR =S (8] EE R HHY ( RHH ) , M ZE{AEY Fourier il 53 %8 %X
MR A 2R,

M (3.1.9) BIEEX R FILASE]

K
T'i(x) =2k ! Tr—1—2n(2) (3.2.5)

n—0 Ck—1-2n

Hf K = [(k—1)/2], AIREBE—MZERH
N N
un(@) =Y w k(@) =Y a4 Ti(e) (3.2.6)
k=0 k=0

FHE (3.2.5) RABRE, BITTTUSH— A2 TF 2% o) mRia:

N

A 2 )
ug) = o Z plp, k=0,...,N—1, (3.2.7)
p=k+1
(p+k) AEFH
BB a§§> =0, IBXPM KA BMERRA A
UM = DU (3.2.8)
HE T = (g, . i), U0 = @0, ., alD), D B4 - =faEm, HINH (3.2.7) XS,
“MERMEAA N
un(z) = a4 Ti(x) (3.2.9)
k=0

14



E 3. CHEBYSHEV A% 3.2. CHEBYSHEV £k &1 & RrFN

B
2 1 Y 2 2
) = — Z p(p® — E*)lp,k=0,...,N —2 (3.2.10)
p=k+2
(p+k) RIBE

BB WY | =d?d =0, SMmEkRER R

U® = DU (3.2.11)

g2 7 — 32, 0@
HERMBRARNMAKEREIRBXAZN, R 3.2.7) 5 3.2.9) IFHMHEITNRASBE. MB—FH@E, N
RINEZRRIEERIE, MR BAET (3.2.8) # (3.2.11) BiEM S RE MR KT E, & i@id 3.1.9) X

BHXRRK, AEREHE, 1B (3.1.9) R T HRIEXAA 3.2.5) P, ARBEL LR 7' BN, HATT RS2
—MNSRBERIER TR, — M p NSBNERLK o EEEE R BT RIS BE, &

) = al), +2kaP Y k> 1 (3.2.12)
W—MSE, BY®EE
iy =0, Y, =2Nay (3.2.13)
WF S, BYRE'
W =Y =0 oy =2V — 1)), = AN(N — Day (3.2.14)

It p = 2 RMIBHRSR 32.12) A UA— M EBEE 0¥ 5 0, DR FRE. XX RTUNELER
p = 2 BIRHERD 3.2.12), 48 k — 1 ¥ k + 1 X FE R, a0 ol | 0 ay) | REXFEAT5 1B LAl
p=1HE (32.12) il o, F o), REEIMBREXRR

Pal?, + Qual? + Ryil’)y = i, 2< k< N (3.2.15)
Ck—2 —€k+2 €k+4
Po=————=. Q=575 Bk= 2.1
T ak(k— 1) @ 20— 1) T k1) (3:2.16)
1 - . < N
ej = E] - (3.2.17)
0 5J > N.

KX TFBHEHEE (3.2.12), Wengle F Seifeld(1978) ERIBEH E SRR EEIRTE (ill-conditioned) , ELE /)N
R MIREARAUBEMERENELR, EERANER o, R5T, X e 5] LSBT g — MR
FiHEVEENBE, 8 EB/NNREES I 0, MANURRR,

IExtaREne =ad =0, 4P, =2(v - 1)), = 2NV - Day

15



3.3. B8 CHEBYSHEV & 5HE # 3. CHEBYSHEV Ai%

3.3 B Chebyshev R SE(E

ABHTHEAREII LA TE R IR Chebyshev FEER AR, BB EBE A Chebyshev BBTFIAY R it &,
RIEEEII MO HIE, REIFSMHET Lagrange 158 Z IR K1TE Chebyshev BT,

XEARNIEESR (3.8) &&TE XM Gauss-Lobatto /1, BIMIREEREE—EEATHEREEAN(SE
Gottlieb ¥ A ,1984; Canuto ¥ A,1988; Mercier,1989 ), Il EHFLEN RS v = +1 NMEAGEES, W G.1.7) X
R R BER . EREHRIAR S v = — 1 ((LNEEHLIRR TEEN, 2 = -1 WHARH ), BBAER
Gauss-Radau ] RER G1&E, 5 ZMEXAY, HE [EiD{E(0) AT, Gauss-Lobatto I B &0 R FEFEAT]
S ERAY,

3.3.1 it# Chebyshev &¥

E [& Chebyshev B 3.2.1), HAIHE@E T 1.2.1 TNAMEEHERITE a1, HiERBIEEES
z; =cosmi/N,i=0,..., N IR Ry = v — uy BAZTEIN. S

N
u(w;) = un(xi) = axTe(w:),i =0,.., N (3.3.1)
k=0
B u; = u(w;) = un (), BEX (3.1.1) KA LXFH:

N .
k
wi=Y iy cos %,izO,...,N (3.3.2)
k=0

FIEG3DEK B3] AHT —N2N + 1 IRBARSR, sTUAKEX 2N + 1 MR k. ZFEFE T =
[cos kmi/N], k,i=0,..., N @r]ERY;KR £, ERERTH N EAY (3.3.4) B/H,BN T = [2(coswi/N)/(ereiN)], ki =
0,.... No

BTLAE fER (3.1.16) FIIERR XA RKAR (3.3.1), 557E (3.3.1) MBI T T, (x;) /e, AEXT i A 0 B NV i3
1TO0F0,;EER (3.1.16) X, FTLATEEY

N
R 2 1
= = }2:0: (@) k=0, N (33.3)
3, N
2 1 kmi
U — —— — Uy 77162 ,...,N 334
I o 2 Eiu cos 0 ( )

M SHIEHXNRIAXNIRNT R (3.2.3) NET Gauss-Lobatto mEYEETREMBIER,
(332) M (3.3.3) B, R ARBE v SHRE 4, Z[E)P] PAIEE Fourier SRIZKLBEIBRIFMIA VEX R
B —i. FEit, M A FFT EiERBKAMIES 6] (MR ARBUERE ) 5iEZE ( ZE=E ) 2— N ATEERAE,

16



Z= 3. CHEBYSHEV Aj% 3.3. E& CHEBYSHEV & 5iFHE

E, thaT A R i R A B 5 m E R
U=TU,U=T"'U (3.3.5)

HW U MU RIS AL ERENREMRIZRNEE, YRAMIEALE AN (B0 60 3 100 1),
FEpE R ERM AT ERE EEE FFT BAMER, HA, XEUR TR AT SEVAERFIIE.

X FHEEIR (3.3.1) 0 (3.3.3) MIREMLERTE 3.6 T4AH,

3.3.2 IEETEMNARS Galerkin REUBIIX R

EPFRIBBHALAH 3.23) MAoRAEXHWRAAIAA 3.3.3) AN T EERNANENXR. F—HA
BACH af, B MICH af. £ 2.3 A HMIFRAHT Fourier REBIELRMEIX B thiERM. B (3.2.3) F (3.3.3) 7]
BAfS R

2 1
ay = — u(z) Ty (z)w(z)dz, k =0,...,N (3.3.6)
TCk J 1
2 X1
%=y ; E—iuiTk(Jci), k=0,..,N (3.3.7)

IMAERAEF (3.3.7) A u(z;) BEMRBREFF

u(x) =Y g Ti(x)
k=0

S}

REARIZR LIS E, RAEFAHEX N LRGN T FER5

g = 2 Zﬁf[Z%Tk(mi)Tl(*fi)}

BFESHHNESAEIER 3.1.16) BHEMNBRREANERXREE—MESH, BT LMIBREEIIIN Z
18], AT (3.1.16) RRIZ, MR N, 18iR | B N + 1 BIXZS A< EEUE, A 3.1.16) AR &R, LE
FrILE R .

a = a§ + 2 > Cuiyg

CkN
I=N+1

2R as 1R % ag

17



3.3. B8 CHEBYSHEV & 5HE # 3. CHEBYSHEV Ai%

Hp
N N . .
1 1 kim lim
Cy = ;aTk(ml)Tl( T;) = ;ECOSWCOSW
N
1 1 k—1. kE+1.
= iga[cos N 1T + COS N im]
Hk=0,.,.NEBI=N+1,. . . AEFEAN p c Z MITHER
ZC N +1 WMRp = 2mN,m =0,£1,£2, ...,
T+ (-1)7] EftuiERr

BATRTUED C RRBEIRELHNBEMR B ZENRRA R

1 o0 o0
~C __ ne ~e ~e
Uy, = Uy + g[ E UpyomN T E Uy _omN (3.3.8)
k m=1 m=1
2mN>N—k 2mN>N-+k

HESHHMINAZRIN(alias ), ENTHIMERELS Fourier REMEEMERE (2.2 T 2.3 B) . XEE A,
B AIE LA = ILE R Chebyshev BIVER, LA 2 = cos ™'z L ERY Fourier RIZE,

3.3.3 Lagrange IE{ES N
HAEMDEEER LK, BE N
v) =Y iTk(x) (3.3.9)
k=0

HAPR a4,k =0,....N FRAERET, L uy(z) 5 u(z) EIGEESR v; = cosmi/N,i =0,..., N bEEMEZ
89, EtE,(3.3.9) B N /)\glﬁ_tﬂ']ﬂﬁifzeruﬁuﬁ {z;} EBY Lagrange ?ﬁﬁglﬁiﬁ,}kﬁ'ﬁﬂu'—ﬁﬁi

N
uny =Y hy(@)ulz;) (3.3.10)
j=0
B un (i) = u(x;),hy(z) BIVFENXK N XRZI
(=" (1 — 2T} ()

hj(z) = N =) (3.3.11)

LIS, BIFEERER v; & (1 —22) Ty (v) WER( M section §3.175 ) ,BAR (1 —22)T" N (2)/(z —x;) —
(_1)j+1EJN2 % T — x])j = 0; ;N Hq‘o
A (3.3.10) WRIAFENT 33.9), HAE—EHEFRERH, AAEHEBE L REERLK.

18



Z= 3. CHEBYSHEV Aj% 3.3. E& CHEBYSHEV & 5iFHE

3.3.4 YEZTE) EHMS

1.1.3 TERET,2.7.2 T HTE Fourier FEBVER T iHed, FiGEER AR KBNS H 2 LR, 7T IR
fER, BEAEE R AN R M EN U AEER R ERYE, 58 —F75/E7E Chebyshev BUFVER TRV BEI(SE
Marion # Gay,1986 ), M Z# 754 ( 3R " IERRIEE" , % Finlayson,1972) , M B2 i+ ERENZRER
Bk, ZiEmYI2H Wengle (1979 ) TERAKY B A2 LBV T E, AR Orszag Fll Patera( 1983 ), 3 Ouazzani [l
Peyret( 1984 ) 7£ Navier-Stokes 75 2 EBV TEFT & 755 A B9,

FELt, MR IEEE, Mg RS ERRANERN , MiZARRAHNRRERTAFEREHSRIE, BIX T p

S8 :

N
u@(z;) = dPlun(z;),i=0,....N (33.12)
§=0

AR 47 TR TEAMARITE:

1. }IA (3.3.3), N

N
ul(2:) =Y w TP ()
k=0

FEZ g AIGARIE Ty = cos kz FASARECREIX Ty (z,) Ml p MER T (2,). BfE, AL B=fE
FIURITEXNF,

2. WHHEESI (3.3.10) EiEMS p X

N
ul (@) = > B (2 )un (x;)
j=0
T, dP) = b\ (2;) BTBAM (3.3.11) HHEHSR,
NN SBORE A7) HRAWT:
—ME
~ Nt
I N 0<ij<Ni#j
Wg (@ — )
M_ <i<N-— 3.3.13
d; ; 21— 2 1<i<N-1 (3.3.13)
1 1 2N2 +1
iyl = 2L
HM, 2, = cos(mi/N),¢o =cn =2,¢;, =1,VI <j <N -1
=254
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3.3. B8 CHEBYSHEV & 5HE # 3. CHEBYSHEV Ai%

(-1 224 T — 2

G (Q-adi—a)

%

1<i<N-1

2 _
di,j -

0<j<N,i#j
2)_ (N2—1)(1—I2)+3

X : 1<i<N-1
' 3(1—56,?)2
2 (=1 (2N2 + 1)(1 — 2;) —
dézj);(_) (2NV" +1)( 296;) 6 l<j<N
3G (1 —z)
2 (1N N2+ )1 +z;) —
dgg)j:f( } (2N% + 1)( +2%) 67 0<j<N-1
3 g (1+ ;)
N4 1
d® — 42 ]
0,0 N,N 15
EZEETEN<ZABEESER
N
(2) 1) 4(1
%J:ZF%%}
k=0
ENEREER
v = pu, U® = p*U
Hrn

U = (un(20), ooy uny (23)) T, UP = (@ (20), ooyl (2n))

Hepp=1,2, 5% D EXH

20
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3
Chebyshev method

The Fourier method is appropriate for periodic problems, but is not adapted
to nonperiodic problems because of the existence of the Gibbs phenomenon
at the boundaries. In the case of nonperiodic problems, it is advisable to
have recourse to better-suited basis functions. Orthogonal polynomials, like
Chebyshev polynomials, constitute a proper alternative to the Fourier basis.
The Chebyshev series expansion may be seen as a cosine Fourier series, so
that it possesses the valuable properties of the latter concerning, in partic-
ular, the convergence and the possible use of the FFT. On the other hand,
the Chebyshev series expansion is exempt from the Gibbs phenomenon at
the boundaries.

Another possible choice of an orthogonal polynomial basis is constituted
by the Legendre polynomials. These polynomials share a number of proper-
ties with the Chebyshev polynomials. They present some advantages con-
cerning the properties of the discrete operators and the numerical quadra-
ture. On the other hand, no fast transform algorithm is known for Legendre
polynomials. Only Chebyshev polynomials are discussed in this book, but
the methods and algorithms described also apply to Legendre polynomials
with only technical changes required by their specific properties. We refer
to the books by Gottlieb and Orszag (1977), Canuto et al. (1988), Bernardi
and Maday (1992) or Funaro (1992) for discussions on the properties and
applications of the Legendre polynomials.

The present chapter is intended to give a general view of Chebyshev poly-
nomials and their applications to the solution of boundary value problems.
Two classical approaches, Galerkin-type (tau method) and collocation, will
be addressed. In this latter case, it will be pointed out that the Chebyshev

21



40 3. Chebyshev method

truncated series expansion can be seen as the Lagrange interpolation poly-
nomial based on the collocation points. Direct and iterative methods for
solving the algebraic systems, resulting from the Chebyshev approximation,
will be described.

3.1 Generalities on Chebyshev polynomials

The Chebyshev polynomial of the first kind Ty (z) is the polynomial of
degree k defined for z € [—1,1] by

Ti(z) = cos (k cos™'z) ,k=0,1,2,..., (3.1)
therefore, —1 < T} < 1. By setting x = cos z, we have
Ty = coskz, (3.2)

from which it is easy to deduce the expressions for the first Chebyshev
polynomials

To=1, Th=cosz=ux, Th=cos2z=2cos’z—1=2a%2—-1,....
More generally, from the Moivre formula, we get
coskz = Re {(cosz +1i sinz)k}

and then, by application of the binomial formula, we may express the poly-
nomial T}, as

Ty Y (1" G e (33

where [¢] denotes the integer part of ¢.
From the trigonometrical identity

cos(k+1)z+cos(k—1)z=2cosz coskz
we deduce the recurrence relationship
Tieq1 — 22T + 11 =0, E>1, (3.4)

which allows us, in particular, to deduce the expression of the polynomi-
als Ty, k > 2, from the knowledge of Ty, and T;. The graph of the first
polynomials is shown in Fig. 3.1.

Expression (3.3) may be useful in some special circumstances but the
representation (3.2) is generally used in computational as well as theoretical
studies.

22



3.1 Generalities on Chebyshev polynomials 41

FIGURE 3.1. Graphs of the first Chebyshev polynomials, Ty (x), for k =0, -- -, 5.

Now we list some properties useful for the understanding and application
of Chebyshev polynomials to the solution of ordinary or partial differential
equations ; other properties will be discussed in the sequel when necessary.
And then, a richer set of formulas is given in Appendix A.

The values of T}, and its first-order derivative T}, at x = £1 are given by

Ty (£1) = (£1)F | T} (£1) = (1) &2, (3.5)

The knowledge of these values can be of interest when prescribing boundary
conditions. It is important to note that

Te (=) = (=1)* Ti.(2), (3.6)

that is the parity of the polynomial is the same as its degree k.
The polynomial T vanishes at the points x; (Gauss points) defined by

1\«

i = i+ =)=, i=0,...,k—1 .
x cos<z+2)k i=0 (3.7)
and it reaches its extremal values 1 at the points x; (Gauss-Lobatto
points) defined by

xi:cos%,izo,...,kz. (3.8)

Note that such points are the zeros of the polynomial (1 - xz) T (x).

23



42 3. Chebyshev method

A recurrence relation on the derivative can easily be obtained. First, the
differentiation of T}, gives
, d dz sinkz

T = % (coskz) 22—k
T dz (cos k2) dz sinz ’

where we have used the representation (3.2). Then, by the application of
trigonometrical formulas, we get the relation
Ty Ty

_ k=l _ o .
E+1 k-1 k (3.9)

valid for £ > 1. A similar formula for the pth derivative is obtained by
successive differentiations of (3.9).
The Chebyshev polynomials are orthogonal on [—1,1] with the weight

w=(1-2%)""*, (3.10)
Let the scalar product be
1
(u,v),, = / uvwde, (3.11)
~1

so that the orthogonality property is

1
(Tk,Tl)w :/ Tlewdm = %Ck 5k,l7 (3.12)
1

where 6§, ; is the Kronecker delta and ¢, is defined by

2 if k=0,
C’“_{ 1 if E>1. (3:.13)

The Chebyshev approximation makes extensive use of the Gauss quadra-
ture formulas. For the Gauss-Lobatto points ; = cosmi/N, i =0,..., N
[see Eq.(3.8)], generally used in collocation methods, the quadrature for-
mula applied to any function p(z) gives

™ P(xz)
do = — .14
[ pwde= L3I, (3.14)
1=0
where
2 if k=0,
Cr = 1 if 1<k<N-1, (3.15)

The relation (3.14) is exact if p(x) is a polynomial of degree 2N — 1 at
most [see Mercier (1989) for the proof and formulas associated with other
sets of points].
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3.2 Truncated Chebyshev series 43

From Eq.(3.14) we may derive the discrete orthogonality relation based
on the Gauss-Lobatto points z;, ¢ = 0,..., N. For k # N or [ # N, the use
of (3.14) gives an exact approximation to the integral in (3.12) since T},T;
is a polynomial of degree at most 2N — 1 :

1 N
T T 1
§Ck 5k7l = [1 Tkﬂﬂ]dl‘ = N i:go E_lTk(xZ)T’l(xl) .

For kK =1 = N, this last formula remains exact provided ¢ in the left-hand
side is replaced by ¢x (= 2). Therefore, the discrete orthogonality relation
is N
i=0
valid for 0 < k,l < N.

| =

C
T (:) Ty(;) = 5’“ N 6 (3.16)

ol

3.2 Truncated Chebyshev series

3.2.1 Calculation of Chebyshev coefficients

Let us consider the Chebyshev approximation of the function u(x) defined
for x € [-1,1] :

un(x) = Zﬂk Ti(z) . (3.17)
k=0

The expansion coefficients 4y, k = 0,..., N, are determined by following
the Galerkin-type technique described in Section 1.2.1. The residual Ry =
u — up is annuled in the weak average sense

(Ry,Ti), =0, 1=0,...,N, (3.18)

namely,

1 N
/ (uleZﬁkale> dr=0, 1=0,...,N.
—1

k=0
Then, taking the orthogonality condition (3.12) into account, we obtain the
expression for the Chebyshev expansion coefficients

9 1
Uy = —— uTpywdz. (3.19)
ﬂ-Ck -1

It seems worthwhile to express (3.17) by means of the representation
(3.2), that is, T, = coskz with = cos z. The expansion (3.17) is then
written as

N
uy = Zﬁk coskz, (3.20)
k=0
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44 3. Chebyshev method

showing that the Chebyshev expansion (3.17) with respect to z is equivalent
to a cosine Fourier series in z. In fact, the function

v(z) =u(cosz) =u(x)

defined in 0 < z < 27 is even and periodic since v (z + 27) = v (z). More-
over, v (z) has as many bounded derivatives in 0 < z < 7 than u (z) has
in —1 < x < 1. Therefore, the convergence properties of the cosine Fourier
series expansion (3.20) can be deduced from the results of Section 2.1.2.
Moreover, since v (z) is periodic, its representation (3.20) is continuous at
the extremities z = 0 and z = 7 and, consequently, is exempt from the
Gibbs phenomenon at these points. More detailed results on the conver-
gence of the Chebyshev approximation will be given in Section 3.6.

3.2.2  Differentiation

The expression of derivatives in the Chebyshev basis is more complicated
than in the Fourier one. Indeed, the expression of the derivative of T (x)
involves all the polynomials of opposite parity and lower degree while the
derivative of e2** is simply i k e2**. This makes the computational aspects
of the two approximations very different : the Chebyshev differentiation
matrices in the spectral and physical spaces are full while the analogous
Fourier matrices are full only in the physical space.
From the recurrence relation (3.9), one obtains

= QkZ T 1 _on(x), (3.21)

Ck12n

where K = [(k — 1)/2]. Therefore, considering the first-order derivative

Z ay, T (x Z ) Tz (3.22)

and, taking Eq.(3.21) into account, we deduce the expression of the coeffi-
1.

cient 1, ) N
ag):c_ Z piy, k=0,...,N—1, (3.23)
k p=k+1
(p+k) odd

and u(l) = (. This can be written in matrix form as

oM =DU, (3.24)

o N T A
where U = (ﬁo,...,ﬁN)T, v = (ﬂ(()l),...,ﬁg\})) and D is a strictly

triangular upper matrix whose entries are deduced from (3.23).
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3.2 Truncated Chebyshev series 45

The second-order derivative expansion is

Z i\ T (z (3.25)

with
1 N
== 3 p@-k) iy, k=0, N-2 (3.26)
Ck
p=k+2
(p+k) even
and 115\2,)_1 = 1253) = 0. This is written in matrix form as

U =127, (3.27)

where U®2) = (1)(()2) ﬂg\?)

The analytical expressions (3.23) and (3.25) are of interest each time the
expansion coefficients of the derivatives are involved in algebraic calcula-
tions. On the other hand, if only the numerical values of the coefficients
are needed, they can be calculated either from the matrix-vector products
(3.24) and (3.27) or from recurrence formulas deduced from (3.9). More
precisely, the expression for T}, given by (3.9) is brought into (3.21). Then,
by identification of the derivative T}, with the same index, we obtain the
recurrence formula for the first-order derivative. The general recurrence for-
mula for the coefficients u(p )
differentiations, let

of the pth derivative is obtained by successive

oy =l +2kalP Y, k>1, (3.28)
be complemented with the starting values, for the first-order derivative
aV =0, oV, =2Nay, (3.29)
and, for the second-order derivative,
D =a? =0, a@,=2(v-1)al =2N(N-1)ay. (3.30)

The recurrence relation (3.28) for p = 2 can be replaced by another

connecting directly the coefficients 11,(62) to uy. Such a relation is obtained

by considering (3.28) with p = 2 and written for ¥ — 1 and k + 1, such as

A (1 )

the quantities 4, ’; and ﬁ,(flll appear in the right-hand sides. Then these

two equations are comblned so that the quantities u,(C )1 and “,(Clll can be
eliminated thanks to (3.28) considered for p = 1. The resulting recurrence

relation is

P, A()2+Qku()+RkU/(€_~)_2*uk7 2<kE<N (3.31)
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46 3. Chebyshev method

with
Ck—2 —€k42 €k+4
S TR T1) Qk -1 T TRk (3.32)
where
_f1 ifj<N,
eﬂ’_{o if j>N. (3.33)

Concerning the recurrent algorithm (3.28), Wengle and Seinfeld (1978)
have remarked that it may be ill-conditioned in the sense that errors in the

smallest coeflicient ﬁ;f U are amplified such that the accuracy of all the

coeflicients, even the largest ones ﬁff )7 is destroyed. This can be avoided

by simply equating to zero the coefficients smaller than a given threshold,
depending on the accuracy of the computer.

3.3 Discrete Chebyshev series and collocation

This section is devoted to the Chebyshev collocation (i.e., interpolation)
technique for the approximation of a given function. First, considering the
discrete truncated Chebyshev series, the calculation of the expansion coeffi-
cients will be developed. Then the expression of the differentiation matrices
will be established. Finally, we shall discuss an equivalent way to consider
the Chebyshev expansion, namely by introducing the notion of Lagrange
interpolation polynomial.

The collocation points considered here are the Gauss-Lobatto points de-
fined by Eq.(3.8). Other sets of points, of similar nature (see Gottlieb et
al., 1984 ; Canuto et al., 1988 ; Mercier, 1989), can be useful in some cir-
cumstances. For example, the choice of the set (3.7) may be of interest if
it is not desired that the boundary points x = 41 belong to the set of
collocation points. Also, the Gauss-Radau points (see Appendix A) can be
used if one wants to exclude the boundary point z = —1, for example in
problems in cylindrical coordinates where = —1 would correspond to the
axis. On the other hand, for the solution of boundary value problems, the
property of the set of collocation points held by the Gauss-Lobatto points
to contain the boundaries is indispensable.

3.3.1 Calculation of Chebyshev coefficients

Considering the Chebyshev expansion (3.17), we want to calculate the co-
efficients @y, by means of the collocation (or interpolation) technique shown
in Section 1.2.1. The technique consists of setting to zero the residual
RNy = u — uy at the collocation points x; = coswi/N, i = 0,..., N,
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3.3 Discrete Chebyshev series and collocation 47

let

N
u(xz) = ’U,N(.’L'Z‘) = Zﬁk Tk({ﬁi), L= 07. .. ,N. (334)
0

By denoting u; = u(x;) = un(x;), and using the definition (3.1), the above
equation gives :

N ki
u; = iy cos——, i=0,...,N. (3.35)
k=0 N

Equation (3.34) [or (3.35)] gives an algebraic system of 2 N + 1 equations
for determining the 2 N + 1 coefficients u. The associated matrix 7 =
[coskmi/N], k,i = 0,...,N, is invertible ; as a matter of fact, it will be
found below [Eq.(3.37)] that its inverse is 7! = [2 (cos7i/N) / (¢ ¢; N)],
k,i=0,... N.

The expression for the coeflicients @y (i.e., the solution of the system
(3.34)) is directly obtained by means of the discrete orthogonality relation
(3.16). By multiplying each side of (3.34) by T;(x;)/¢;, then summing from
i =0 to i = N, and using the relation (3.16), we obtain

2 L1
ak:EkN;E—iuiTk(xi), k=0,...,N, (3.36)
or
N .
. 2 1 ki
uk:EkN;E—iuicosT, k=0,...,N. (3.37)

It must be noted that such expressions are nothing other than the nu-
merical approximation (based on the Gauss-Lobatto points) of the integral
appearing in Eq.(3.19).

The relations (3.35) and (3.36) show that the grid values u;, as well as
the coefficients 4y, are related by truncated discrete Fourier series in cosine.
Therefore, it is possible to use the FFT algorithm (in its cosine version) to
connect the physical space (space of the grid values) to the spectral space
(space of the coefficients). Note that it is also possible to simply make use
of the matrix-vector products

U=TU, U=T"'U, (3.38)

where U and U are, respectively, the vectors containing the grid values
and the expansion coefficients. Note that the matrix-vector product for a
moderate number of terms (namely 60-100) is less expensive in computing
time than the FFT, depending on the computer and the routines used.

Results on the error of the collocation approximations (3.34) and (3.36)
are given in Section 3.6.

29



48 3. Chebyshev method

3.3.2  Relation between collocation and Galerkin coefficients

The objective of this section is to make precise the relationship between the
expansion coefficients defined by the integral (3.19) and those calculated
from the sum (3.36). The first set of coefficients will be denoted here by af,
and the second set by 4. The general lines of the analysis made in Section
2.3 for the Fourier series apply in the present case. From Egs.(3.19) and
(3.36), we have

2 1
i, = — [ u(@)Tp(z)w(z)dz, k=0,...,N, (3.39)
TCk J_1
2 L1
iy, = —u(x;) Tp(zs), k=0,...,N. 3.40
b EkNiZ;Eiu(x) k(l‘) ( )

Now we replace u(z;) in Eq.(3.40) by its expression in terms of the infinite
series

u(z) =) Ti(w)
k=0

assumed to be absolutely convergent. Then, we decompose the resulting
infinite sum into two partial sums according to

N N
2 y 1
U = =N > lz = Ti(xs) Ti(z:)
kY 150 i—0
2% |30 L i)
u — s X
EkNliN k L Z k\<L3 \4Lq
=N+1 =0

The expression appearing in square brackets is nothing other than the left-
hand side of the discrete orthogonality relation (3.16). In the first bracket,
the indices k and [ vary between 0 and N, so that the relation (3.16)
holds. On the other hand, in the second bracket, the index [ varies between
N + 1 and infinity, so that the relation (3.16) is not applicable. The above
expression for j, can be written as

~c ~e 2 = ~e
uk:uk+EkN E C’klul,
I=N+1
where
N N 1 kim lim
C = —Ti(x;) T (z;) = — COS —— COS ——

N

1 1 -

2525_1 {cos 1T+ cos i7T:|
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3.3 Discrete Chebyshev series and collocation 49

with k =0,...,N and Il = N +1,.... Then, by using the identity (valid for
pEZ),

zNjcosp”— J1V+1 if p=2mN, m=0,+1,42,...,
— N 3 1+ (-1)7] otherwise,

we may calculate C; and finally get the relation connecting the collocation
coefficients to the Galerkin ones

1 o0 o0
~c __ e ~e ~e
Uy, = U + = E UgyomN T E W giomn| - (3.41)
Ck m=1 m=1
2mN>N—k 2mN>N+k

The terms in square brackets are alias terms. The reason for their presence
is the same as that for discrete Fourier series (Sections 2.2 and 2.3). This
is a consequence of the fact that the Chebyshev expansion in z can also be

considered as a cosine Fourier in the variable z = cos™! z.

3.3.83 Lagrange interpolation polynomial

Let us return to the approximation

N
un(z) = Z Gy Ty (), (3.42)
k=0
where the coeflicients iy, k = 0,..., N, are determined by asking uy(x) to
coincide with u(z) at the collocation points x; = cosmi/N, i =0,...,N.

Therefore, the polynomial of degree N defined by Eq.(3.42) is nothing other
than the Lagrange interpolation polynomial based on the set {x;}. Hence,
it can also be written in the form

N
un (@) =Y hj(x) u(z)) (3.43)
§=0
with un(x;) = u(x;), and h;(x) is the polynomial of degree N defined by

(-1 (1= a?) Ty)

h_](])): EjNQ (x—x])

(3.44)

This expression for h; is easily constructed by recalling that the collocation
points x; are the zeros of the polynomial (1 — 22) T} (z) (see Section 3.1.1)
and by observing that (1 —z?) T} (z)/(z — z;) — (1)’ ¢; N? when
r—z5,7=0,...,N.

Therefore, the representation (3.43) is equivalent to (3.42) and is useful in
several circumstances because it does not involve the spectral coefficients.
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50 3. Chebyshev method

3.3.4  Differentiation in the physical space

As mentioned in Section 1.1.3, and discussed in Section 2.7.2 for the Fourier
case, the application of collocation methods to the solution of differential
equations may consider as unknowns the expansion coeflicients as well as
the grid values. The first approach is seldom employed in the Chebyshev
case (see, e.g., Marion and Gay, 1986). On the other hand, the second
approach (also known as “orthogonal collocation,” see Finlayson, 1972) is
of current use in computational fluid mechanics since the works by Wen-
gle (1979) for the advection-diffusion equation and by Orszag and Patera
(1983) or Ouazzani and Peyret (1984) for the Navier-Stokes equations.

Therefore, in the context of the collocation method where the unknowns
are the grid values, it is necessary to express the derivatives at any collo-
cation point in terms of the grid values of the function, that is, for the pth
derivative ug\]f) :

N
ul(2) =Y dP uy(z;), i=0,...,N. (3.45)
j=0

The coefficients dz(-? can be calculated according to either of the following
two ways :
(i) Eliminate 4y from the derivative

N
ul (2;) =3 T (27)
k=0

by using expression (3.36). Then, express Ty (z;) and the pth derivative

T,gp )(xl) in terms of trigonometrical functions according to 7 = coskz.
Finally, apply the classical trigonometrical identities to evaluate the sums.
(ii) Differentiate p times directly the interpolation polynomial (3.43) :

N
ul (@) =Y P (@) un(ay).
j=0

Therefore, df’;) = h;p ) (x;) which has to be evaluated from expression (3.44).
The expression of the coefficients d%—) for the first two derivatives are :

First-order derivative

77: -1 i+J
dg,l}:f—_%, 0<i,j<N, i#j
¢ (z; —xj)
) = _ﬁ 1<i<N-1 (3.46)
_2N%+1

1 1
d((),()) = _dg\/',)N - 6 ’
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3.3 Discrete Chebyshev series and collocation 51
where z; = cos(mi/N),¢p=¢nv =2,¢;=1for 1 <j <N —1.

Second-order derivative

() a2
T el o)

i

1<i<N-1,
0<j<N, i#j

2 _1)(1 — a2
g2 = V- Da-25)+3 N1
1,7 3(1 —ZCZQ)Q
@  2(=1)7 2N*4+1)(1—z;) -6 , (3.47)
’ 3 ¢ (1—xj)
2(—1 J+N 2N2 (1 N
dg\Qf)j__( _) ( + 1)( +2x3) 6, 0<j<N-1
T3 G (1+z)
N*—1
2 2
dég - dgv,)N = 15 .
It may be useful to recall that
N
dif) = dildy). (3.48)
k=0

In vector form, the derivatives may be expressed as

vY =pu, U®=p%U (3.49)
where
T
U= (un (o). un ($N))T ) U = (U%)) (330),-~-aU§\1;) (ﬁN))
(3.50)
with p = 1,2. The differentiation matrix D is defined by
—_ [ L
D_{di’j], i,j=0,...,N. (3.51)

3.3.5 Round-off errors

An important question, when dealing with Chebyshev approximations of
high degree N, concerns the effect of round-off errors. A possible cause of
error associated with the use of the recurrence formulas for calculating the
coeflicients of the Chebyshev expansion of derivatives, has been mentioned
in Section 3.2.2. Another way to calculate the derivatives is to make use of
the differentiation matrices whose entries have been given in the previous
section. This technique is very often employed because it is not necessary
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